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Abstract. Given an extension of number fields E G F and a projective variety X over 
F, we compare the problem of counting the number of rational points of bounded height 
on X with that of its Weil restriction over E. In particular, we consider the compatibility 
with respect to the Weil restriction of conjectural asymptotic formulae due to Manin and 
others. As an application we construct Fano varieties over any number field which are 
counterexamples to these conjectures. 

1. Introduction 

Let X be a smooth projective variety over a number field F. To any embedding X C ¥p 
of X over F, we may associate a height function given by 

H{x)= max{|j;o|t,, . . . , |2;„|^}, (1.1) 

v&V3i(F) 

where x = (xq : • • • : x„) E X{F) and | • |t, is the usual absolute value associated to a 
place V of F. The product formula ni;GVal(F) l-^l" ~ ^-^ ^ ^ ^* •• implies that this 

expression is independent of the choice of representation of x in homogeneous coordinates. 
More generally, one may associate a height function He to any adelically metrised line 
bundle C = (L, || • ||) on X (see Section [3] for further details). The advantage of such a 
definition is that it is intrinsic, i.e it does not depend on a choice of embedding. In the 
case where L is ample, the number of rational points of bounded height is finite and thus 
it makes sense to consider the counting function 

N{C, U, B) = #{x G U{F) : Hc{x) < B}, 

for any B > and any open subset U <Z X. More generally still, if L is big then the number 
of rational points of bounded height is finite on some open subset of X, thus we also obtain 
well-defined counting functions on certain open subsets of X. One can even define these 
counting functions for arbitrary adelically metrised line bundles £, where by convention if 
U contains infinitely any rational points of bounded height we set N{C, U, B) = Hq- 

In the papers |FMT89j and |BM90) . Manin and his collaborators formulated various 
conjectures on the asymptotic behavior of these counting functions as — t- oo. If we 
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denote by Eff (X) C NSr X = NS X ®i M the closed cone generated by the classes of 
effective divisors, then we define the define the Nevanlinna invariant of an effective line 
bundle L on X to be 

a{L) = inf{r G Q : r[L\ + [ujx] S Eff(X)}. (1.2) 

Here [L] denotes the class of L in NSk X and ojx is the canonical bundle of X. Then, 
Manin and his collaborators conjectured that if L is ample then for any e > there exists 
an open subset U C X such that 

A^(£,C/,S) (1.3) 

as i? — 7- oo. Note that in general one needs to restrict to some open subset in order to 
avoid "accumulating subvarieties" . For example, a line on a smooth cubic surface S C Fp 
contains roughly rational points of height less than B, whereas one has a{Os{^)) = 1- 
They also conjectured a more precise asymptotic formula in the case where [lox] is not 
effective. Namely that, possibly after a finite field extension, there exists an open subset 
U C X and a positive constant c = c(£, U) such that 

iV(£,C/,S) = cS°(^)(logB)''(-^)-i(l + o(l)), (1.4) 

as B — 7- oo, where b{L) is the codimension of the minimal face of (9Eff(X) which contains 
a{L) [D] + [uJx]- Note that one needs to assume that a{L) [D] + [uJx] belongs to the polyhedral 
part of (9Eff(X) for b{L) to be well-defined. The leading constant in this conjecture has 
also received a conjectural interpretation due to Peyre |Pey95] in the case where cj^^ is 
ample, in which case one has a(w^^) = 1 and b{u^^) = rankPicX. 

However it turns out that this second conjecture (jl.4|) as stated is not true, and an ex- 
plicit family of counterexamples over certain number fields was constructed by Batyrev and 
Tschinkel |BT96j . Nevertheless (jl.4p is still true in many cases, and sometimes in more 
generality than originally stated (for example with L big, rather than just ample). For 
example (jl.4p is known for some del Pezzo surfaces (e.g. |BBllj and [LoulOj ). flag varieties 
|FMT89j . toric varieties |BT98j . and various other equivariant compactifications of homo- 
geneous spaces [CLTlOj . These conjectures have also been shown to be compatible with 
various geometrical constructions, such as products. However one important construction 
seems to have been so far overlooked, namely the Weil restriction. 

The Weil restriction (or restriction of scalars) was originally defined by Weil [Wei82] . and 
is a way of constructing an algebraic variety Kp/^X over a smaller number field E G F 
whose set of ii^-rational points is canonically in bijection with the i^-rational points of X 
(see Section [2] for a precise definition). In general, one expects the arithmetic properties of 
X to be closely related to those of Rp/gX. For example if A is an abelian variety, then 
so is Rf/e^ and Milne |Mil72 j has shown that the Birch and Swinnerton-Dyer conjecture 
holds for A if and only if it holds for Rp/E ^- this paper we address the question of how 
the counting problems for X and Rp/^X compare. 

The first problem is to construct a height function on Rp/E ^ from one on X. In Section 
13.21 we show that given an adelically metrised line bundle C on X, there is a way to define 
an adelically metrised line bundle Rp /e ^ on Rp /p X which satisfies 

iV(£,[/,i?) = iV(Rp/E£,Rp/EC/,i3), (1.5) 

for any open subset U C X and any B > 0. Moreover this construction preserves positivity 
properties (such as effectiveness, ampleness and bigness) and also the canonical line bundle. 
This leads to our main theorem. 
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Theorem 1.1. Let E C F be number fields. Let {X,C) be a smooth projective variety over 
F together with a big adelically metrised line bundle. Let e > and let U C X be an open 
subset. Then holds for {X, U, C) if and only if holds for (Rp X, Rp /p U, Rp /p C) . 

Moreover, if [oJx] is not effective and H^{X,Ox) = 0, then holds for {X,U,C) if 

and only if jl.jl ) holds for (Rp /p X, Rp /p U, Rp /p C) . 

Examples of varieties for which [ojx] is not effective and H^{X,Ox) = include all 
rationally connected varieties [DebOll Cor. 4.18], in particular all geometrically rational 
varieties and all Fano varieties. For these latter classes of varieties we also show that the 
refined conjecture due to Peyre |Pey95| , on the leading constant appearing in the asymptotic 
formula, is compatible with the Weil restriction. 

An immediate corollary of Theorem 11.11 is that if Manin's conjectures hold for (X,C), 
then they also hold for (Rp/p X, Rp/p £). The problem with the converse is that the open 
subset U' C Rp/pX for which ()1.3p or ()1.4p holds might not be of the form Rp/pC/ for 
some open subset U C X. Nevertheless, there are many examples where this is true. For 
example, for flag varieties ()1.4p holds on the whole space, i.e. it is not necessary to restrict 
to an open subset. Therefore the equivalence of Manin's conjecture for a flag variety X 
and for its Weil restriction Rp/pX is clear. As the Weil restriction of a flag variety is also 
a flag variety, we see that Manin's conjecture for all choices of adelic metric on every big 
line bundle on every flag variety over Q is equivalent to the same conjecture for all flag 
varieties over any number field. Also for toric varieties, Manin's conjecture is known to 
hold on the open subset given by the embedded algebraic torus T. As the Weil restriction 
Rp/pX of such a toric variety X is also a toric variety under the algebraic torus Rp/pT, 
we again see that one may reduce the proof of Manin's conjecture for all toric varieties over 
every number field to those toric varieties which are defined over Q. Similar results hold for 
equivariant compactifications of other homogeneous spaces and also for varieties for which 
every accumulating subvariety of Rp/p X is of the form Rp/p Z for some subvariety Z C X. 

As we have already noted, Manin's conjecture (jl.4p is not true in general and a family 
of counterexamples was constructed in [BT96]. However these counterexamples were only 
constructed over those number flelds which contain Q(\/— 3), in particular the existence of 
counterexamples over Q was left open. In Section 14.31 we apply the Weil restriction to the 
construction of |BT96] to produce counterexamples to Manin's conjecture ()1.4p over any 
number field. 

Theorem 1.2. Let E be a number field. Then there exists a Fano variety X over E such 
that for every number field E C F, every open subset U C Xp and every choice of adelic 
metric on uj^^^ we have 

iV(a;^^,C/,i3)»i?(logBr(^^)+\ 
as B ^ oo, where p{Xp) = rank Pic X^?. 

The layout of this paper is as follows. In Section [2] we recall certain facts about the 
Weil restriction and also define the Weil restriction of a line bundle. Section [3] contains 
various results on adelically metrised line bundles and height functions, and we also define 
the Weil restriction of an adelically metrised line bundle. We finish the paper by proving 
our main theorems in Section [H together with the fact that Peyre's conjectural constant is 
compatible with the Weil restriction. 

Acknowledgments: The majority of this work was completed whilst the author was 
working at I'lnstitut de Mathmatiques de Jussieu and supported by ANR PEPR. The author 
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1.1. Notation. 

Geometry. For a field F, we denote by and A'^ projective n-space and affine n-space 
over F respectively. We sometimes omit the subscript F if the field is clear. A variety over 
F is a separated geometrically integral scheme of finite type over F. For every field, we fix 
a choice of algebraic closure F and we denote hy Gp the absolute Galois group of F with 
respect to F. 

By a line bundle, we mean a locally free sheaf of rank one. Given a line bundle L 
on a scheme X over a field F, we denote by X and L the base change of X and L to 
F respectively. We denote by Pic'^X the subgroup of PicX of line bundles which are 
algebraically equivalent to Ox , and by Pic^ X the subset of Pic X consisting of those line 
bundles which are algebraically equivalent to a fixed line bundle L. Note that Pic^ X is a 
torsor for Pic^ X. Given a line bundle L on a variety X, we denote by [L] the class of L in 
NSk X and by ujx the canonical bundle of X if X is also smooth. The symbol Kl is used to 
denote the external tensor product. Namely, given line bundles Li on varieties Xi {i = 1, 2), 
we define LiM L2 = vr*Li ® 112^2 as a line bundle on Xi x X2, where TTj : Xi x X2 — )• Xi 
denote the canonical projections {i = 1,2). 

Number theory. For any number field F, we denote hy Op the ring of integers of F and 
by Val(F) the set of valuations of F. For any v G Val(F), we denote by Fy (resp. 
the completion of F (resp. Op) with respect to v. Given a finite set of places S C Val(F) 
containing all archimedean places, we denote by Of,s the ring of S'-integers of Op- We 
choose absolute values on each F^ such that |x|^ = |A^^^/q (x)|p, where v\p G Val(Q) and 
I • Ip is the usual absolute value on Qp. The advantage of these choices is that we have the 
following product formula 

\x\v = 1, for all X G F^ . 

i;eVal(F) 

We also choose algebraic closures F„ C F^ and we equip Fy with the unique absolute value 
extending the absolute value on F^. We normalise the Haar measures dx^ on each F^ as 
follows: 

• li Fy = M, take dx^, to be the normal Haar measure. 

• If F^, = C, take dx„ = 2dxdy, where z = x + iy. 

• If u is non-archimedean, take dx„ = 1. 

If Ai? denotes the discriminant of F, then these choices equip the adeles Ap F with a 
Haar measure such that Yo\{Ap / F) = \^p\^/'^ with respect to the the induced quotient 
measure (see e.g. |Wei82t Sec. 2.1.3(a)]). 

2. The Weil restriction 

We begin by recalling the definition of the Weil restriction. The Weil restriction was 
originally defined by Weil in [Wei82| (which he called the restriction of scalars), however 
we follow a more modern approach as can be found in [ BLR90^ Ch.7.6]. 

Let A be a commutative ring and let B be an A-algebra which as an A-module is finite 
and locally free (e.g. A d B \s a, finite field extension). For any scheme X over B we 



RATIONAL POINTS OF BOUNDED HEIGHT AND THE WEIL RESTRICTION 



5 



define the functor Rg/^X, from the dual of the category of schemes defined over A to the 
category of sets, to be the right adjoint of base change. That is to say, we define 

Rb/aX{S) = X{S xaB), 

for any ^-scheme 5. If this functor is representable by a scheme over A, then we call 
this scheme (also denoted by Rb/a-^) the Weil restriction of X. For our purposes, it 
will be sufficient to know that in this setting the Weil restriction exists whenever X is 
quasi-projective over B (see [BLRQOj, Thm. 7.6.2]). Moreover if B is etale (e.g. A C B 
is a finite separable field extension), then the Weil restriction of an affine, projective or 
smooth scheme is also affine, projective or smooth, respectively |BLR901 Prop. 7.6.5]. The 
assignment of the Weil restriction can be viewed as a functor Rb/a i^i its own right and this 
functor preserves open and closed immersions and fibre products |BLR90l Prop. 7.6.2]. 

We shall be particularly interested in the case of a finite extension E C F of perfect 
fields of degree d. We denote by fjj : F — >• -E the embeddings of -F into E for i = 1, . . . ,d. 
Then given a scheme X over F, the counit of the adjunction gives rise to a morphism 
p : Rp /eX ^ X defined over F which induces an isomorphism 

d 

P:=nP":RF/E^^n^"'' 

(T i=l 

over E, where X'^^ = X x^j. E denotes the conjugate of X with respect to cjj. 

Example 2.1. (1) The Weil restriction of the affine line Ap over F is the affine space 
over E. The morphism p can be realised as 

d 

Af^A],, (xi, ...,Xd)^ y^ajXi, 

1=1 

where qi, . . . ,0;^ is a choice of basis for the field extension E G F. Given that 
the functor Rp/g preserves affine varieties, fibre products and closed embeddings, 
this gives a simple way to write down equations for the Weil restrictions of affine 
varieties. 

(2) Equations for the Weil restrictions of projective varieties are not as simple in general. 
For example, if C -F is a quadratic field extension and X = Fp, then Rp/pX 
can be embedded as a quadratic surface in ¥p. Indeed, Rp/pX is isomorphic to 
pi, X F^/ ^ Pj, X Pj, over F, where a is the non-trivial element of Gal{F/E). If 
(x,y) G Rp/eX{E), then the two divisors Li = P^ x {y} and L2 = {x} x P^ are 
swapped by Gal{F/E). Hence the divisor Li + L2 is defined over E and moreover 
it gives the required embedding Rp/pX ^ ¥p. For general d, a similar argument 
shows that equations for Rp /p P'^ can be given by some appropriate twist of the 

Segre embedding of Y[i=i ^e- 

2.1. The norm of a line bundle. We now recall some facts that we shall need on the 
norm of a line bundle (see e.g. [EGAIH Sec. 6.5] or iOes841 Sec. 4.1]). Let ^ be a 
commutative ring and let B be an ^-algebra which as an ^-module is finite and locally 
free of rank d (e.g. A G B is a finite field extension of degree d). Let X^ be a reduced 
Noetherian scheme of finite type over A and let L be a line bundle on Xb = Xa Xa B. 
Then if / : Xb — >• Xa denotes the base change map, it follows that /*L is a vector bundle 
of rank d on Xa- We define 

Nb/a(^) = Homo^^ (det ^Ox^ , det /*L), 
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which is a hne bundle on Xa- We have the foUowing properties. 

(1) There is a canonical isomorphism Nb/a(Cxs) — ^Xa- 

(2) The norm functor respects base change, i.e. if A' is an A-algebra then we have a 
canonical isomorphism 

Nb/aW €DA^' = NBVA'(i), 

where B' = A' B. In particular if £^ C .F is a finite field extension of perfect 
fields, there is a canonical isomorphism Np/e(L) = ^f^^L'^^- over E. 

(3) If Li and L2 are two line bundles on Xb, then 

Nb/a(Li » L2) = NB/A(il) ^ Nb/a(^2), 

canonically. 

(4) There is also a canonical isomorphism 

NB/A(Homo^^ (^1,^2))= Homo;,^ (NB/A(ii), Nb/a(^2)). 

In particular we obtain an induced injective homomorphism Nb/a ■ PicX^ — t- 
PicXa of Picard groups. 

(5) To a local section s of L we may associate a section Nb/a •s of Nb/a L. In the case 
where L = Oxb^ this corresponds to the usual norm map Nb/a '■ B ^ A. 

Note that our notation differs slightly from that of |EGAII[ Sec. 6.5], where the norm is 
defined for more general finite morphisms of schemes. We have used simpler notation due 
to the fact that we shall only be taking the norm with respect to finite morphisms arising 
from base change. 

2.2. The Weil restriction of a line bundle. We now define the Weil restriction of a line 
bundle. Throughtout this section C is a finite extension of perfect fields of degree d. 
We denote hy ai : F ^ E the embeddings of F into E {i = 1, . . . ^d). We define the Weil 
restriction of a line bundle L on a quasi-projective variety X over F to be 

RF/E^ = NF/E(/i>). (2.1) 

For any local section s of L, we also obtain a local section Rp/gs = Nf/e(p*s) of Rp/pL. 
Note that over E we have isomorphisms 

Rp/E-Z^ = ^f=i{p*Lp- = P* ^ti 
This construction gives rise an injective homomorphism Rp/E : PicX — t- PicRp/p^, which 
also induces injective homomorphisms Rp/p : Pic'^ X — )• Pic^^Rp/pX and Rp/p : NSX — )• 
NSRp/p X. 

Lemma 2.2. Let {X,L) be a smooth projective variety over F together with a line bundle. 
Then 

(1) Rp/pa;x = WRp^gX; where ujx denotes the canonical line bundle of X. 

(2) L is effective (resp. big, resp. ample) if and only if the same holds for Rp/pL. 

Proof In what follows, we identify Rp/pX with HiLi X""' and Rp/pL with Mf^^L'^'. To 
prove the first part of the lemma, we note that given non-singular varieties Xj for j = 1,2, 
we have uJxixX2 — ^Xi ^^X2 |Har77l Ex. II. 8. 3]. Therefore, we see that the canonical line 
bundle of HiLi ■X'^^ is isomorphic to Mf^-^^LOx'^i and ([1]) follows. 

By the Kiinneth formula for coherent cohomology |SW59j and flat base change [Har77t 
Prop. III. 9. 3], we have 

/iO(Rp/pX,Rp/pL) = /iO(X,L)'^. 
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From this, we see that /i°(Rf/e Rp/E ^) / if and only if hP{X, L) / 0, i.e. L is effective 
if and only if Rp/E L is effective. Similarly, as the property of being big can be defined in 
terms of the size of the space of global sections |Lar071 Thm. 2.2.26], it follows that L is 
big if and only if Rp /p L is big. 

Next, let (/? : X --■> be a rational map associated to L. Then, a rational map associated 
to Rp /p L may be given by the composition of nf=i V''^' with the Segre embedding, on 
choosing isomorphisms (P^)'^' = P^. As this map is an embedding if and only if ip is an 
embedding, we see that L is very ample if and only if Rp/p L is very ample, and therefore 
that L is ample if and only if Rp/p L is ample. This proves □ 

We now study the relationship between PicX and Pic Rp/p X. For this we shall often 
use the following well-known result. 

Lemma 2.3. Let X he a proper variety over F. If X{F) ^ then the natural map 

FicX (PicX)'^^, 

is an isomorphism. 

Proof. See |CM96) . in particular |CM96l Cor. 1.3]. □ 

Throughout this paper we will often assume that our varieties have rational points in 
order to apply this lemma. The existence of a rational point will also be crucial when we 
show that Tamagawa measures are preserved under the Weil restriction (see in particular 
Lemma 14. 7p . 

Lemma 2.4. Let X be a smooth projective variety over F such that X{F) ^ 0. Then the 
map Rp/p : Pic° X Pic° Rp/p X is an isomorphism. 

Proof. We again identify Rp/pX with JliLi ^'^d Rp/pL with Mf^^L'^^ for any line 
bundle L on X. First, it is well-known that for smooth projective varieties Xi and X2 
over an algebraically closed field the natural map Pic'^Xi ^Pic*'X2 — )■ Pic''(Xi x X2) is 
an isomorphism (see e.g. [DiemOli Prop. A.4]). In particular the map 

d / d 

Pic° X"^ Pic° [ Yl X""' 

1=1 \i=l 

(L-,...,L^'^)^KtiLr, 

is an isomorphism. This map is obviously a homomorphism of Gi?-modules and thus shows 
that Pic'^ Rp/E X is ttis representation induced from the action of Gi? on Pic*^ X. Next, by 
Shapiro's Lemma [NSWOOl Prop. 1.6.3] we see that (Pic° Rp/p X)^'^ = (Pic^X)'^^'. As 
X{F) ^ and Rf/eX{E) / 0, we have equalities Pic°X = (PicX)'^^' and Pic°Rp/pX = 
(Pic° Rp/p X)'^'^ by Lemma ESI and the result follows. □ 

Example 2.5. We sketch an example to show that the map Rp/p : PicX — t- Pic Rp/p X 
may not be an isomorphism in general. 11 E C F has degree two and C is an elliptic curve 
over E, then we have an isomorphism Rp/p Cp — C x C' defined over E, where C denotes 
the quadratic twist of C with respect to E d F. In particular, C x and x C" give two 
linearly independent curves in NS(Rp/p Cj?). Thus clearly PicC ^ Pic Rp/p C; indeed C 
has Picard number one whereas Rp/p Cp has Picard number at least two. 

However in the case where X is Fano, or more generally when H^{X, Ox) = 0, the map 
Rp/p : PicX — )■ Pic Rp/p X is an isomorphism as soon as there is a rational point. 
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Lemma 2.6. Let X be a projective variety over F such that H^{X,Ox) = 0. Then 

(1) (Rf/e X, Orp/^ x) = 0. _ 

(2) There is an isomorphism PicX ®Gf — Pic R^/eX of Galois modules, i.e. 
Pic Rp/E^ is the representation induced from the action of Gp on PicX. 

If in addition X{F) ^ 0, then 

(3) The map Rp/E • Pic^ — )• Pic Rf/e ^ an isomorphism. 

(4) The induced map on effective cones Rf/e • Eff(X) — t- Eff(RF/E^) is an isomor- 
phism. 

Proof. In what follows we identify Rf/e X with Y[i=i X'^^ and Rf/e with Mf^^L^^ for any 
line bundle L on X. As in the proof of Lemma [221 we see that the Kiinneth formula for 
coherent sheaves and flat base change imply that h^(Rp/-EX,0^^^^x) = h^{X,Oxy = 0, 
thus proving As H^{X,Ox) = 0, it follows from |Har771 Ex. in.12.6] that the map 

d / d 

^Picx"' ^Pic (n^"' 
i=i \i=i 

iLl\...,L''/)^MULr, 

is an isomorphism. This map is obviously a homomorphism of Gi^-modules and thus proves 
([2]). As in the proof of Lemma [231 the fact that X{F) ^ implies Q. Finally note that 
Pic°X = by [B LROnl Thm. 8.4.1] as H^X,Ox) = 0. Therefore NSX = PicX, and so 
^ follows from ([3|), Lemma 12.21 and Lemma 12.41 □ 

3. Adelically metrised line bundles 

The aim of this section is to define the Weil restriction of an adelically metrised line bun- 
dle. We begin by recalling various facts about height functions and adelically metrised line 
bundles, which can be found for example in |CLT10| . [HSOOj . |Pey03| or [BG06j . Through- 
out this section F is a number field. 

Definition 3.1. Let {X,L) be a variety over F together with a line bundle. For a place 
V £ Val(-F), a f-adic metric on L is a map which associates to every point G X{F^) a 
function || • ||„ : L{xv) i— )• M>o on the fibre of L above such that 

(1) For all e G L{x^), we have ||£||^ = if and only if £ = 0. 

(2) For all X G F^ and I G L{x^), we have \\Xi\\^ = |A|^||^||„. 

(3) For any open subset U C X and any local section s G T{U,L), the function given 
by Xj; I— )• is continuous in the u-adic topology. 

One important way of constructing metrics at non-archimedean places is given as follows. 

Example 3.2. Choose a non-archimedean place v G Val(F) and let {X, L) be a projective 
variety over F„ together with a line bundle. Let (,^,^) be a model of {X.,L) over Op^, 
i.e. a flat projective morphism 3^ — t- Op,, whose generic fibre is isomorphic to X and a line 
bundle .i^ on ^ such that .^\x = L. 

Since X is projective, any point Xy G X{Fy) extends to a unique point x^ G SyiOp^). 
The pull-back x^*^ is a projective Oi?„-submodule of rank one inside the one dimensional 
Ft,-vector space x*L = L{xy). For a generator 1^ of and any i G L{xy), there 

exists a unique A G F„ such that £ = XIq. We therefore define a iJ-adic metric on C by 
W^Wv = \Mv- Note that this definition is independent of the choice of generator io; indeed 
any two generators must differ by a unit and units have absolute value 1. 
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Definition 3.3. Let (X, L) be a projective variety over F together with a line bundle. An 
adelic metric on L is a collection || • || = {|| • lk}i>eVai(F) of t'-adic metrics for each place 
V € Val(-F), such that all but finitely many of the || • \ \y are defined by a single model of 
{X, L) over Op- We denote the associated adelically metrised line bundle by £ = (L, || • ||). 

An important feature of adelically metrised line bundles is that they have an associated 
height function. 

Definition 3.4. Let (X, C) be a projective variety over F together with an adelically 
metrised line bundle. Then we define the height function He associated to C to be 

Hc{x)= n 11^(^)11."'' 

where s is any local section of L defined and non-zero at a; G X{F). The fact that this 
definition is independent of s follows from the product formula. 

3.1. Examples and properties. We now give some standard examples and properties of 
adelically metrised line bundles. In what follows X is a projective variety over a number 
field F and C = (L, || • ||),>Ci = (Li, || • and C2 = {L2, \\ ■ II2) are adelically metrised line 
bundles on X. 

3.1.1. The structure sheaf. There exists a natural choice of adelic metric on the line bundle 
Ox given by \\£\\v = \(-\v for any place v G Val(F). It follows from the product formula that 
the associated height function is the constant function 1. 

3.1.2. Tensor products. There is an adelically metrised line bundle £1(8) £2 = (-^i<8-^2, ||- |l) 
which for any place v G Val(F) satisfies 

(g) S2)(a;^)||^ = ||s2(a;„)||2,«, 

for local sections si and S2 of Li and L2 respectively defined at Xy G X(^Fy). On the level 
of heights, one has Hc^c'ix) = Hc{x)Hc'{x) for all x G X{F). 

3.1.3. Isometrics. We say that £1 and £2 are isometric if there exists an isomorphism of line 
bundles f : Li ^ L2 and constants A^, G M for each v G Val(F) such that rTi;GVal(F) = ^ 
and such that for all Xy G X{Fy) and for all local sections s of L2 defined at Xy we have 

||9'*s(a:t,)||i,i, = \v\\s{xy)\\2,v 

It is simple to see that isometric adelically metrised line bundles give rise to the same height 
function. As an example of an isometry, note that since X is projective any automorphism 
of a line bundle is given by multiplication by a non-zero scalar in i^. It follows from the 
product formula that such a map is an isometry. 

3.1.4. Duals. One may define the dual of an adelically metrised line bundle in such a 
way that the natural map iSi C Ox is an isometry. One has Hjr-i{x) = Hc{x)~^ for 
all X G X{F). 

3.1.5. The adelic Picard group. Given these choices, the set of adelically metrised line bun- 
dles up to isometry forms a group PicX under the tensor product, the adelic Picard group 
of X. We have a natural surjectivc morphism Pic(X) — )■ Pic(X) given by forgetting the 
adelic metric, and the theory of height functions can be viewed as a group homomorphism 

: Pic(X) ^ Fun(X(F),M*). 
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3.1.6. Pull-backs. Given a morphism of projective varieties f : Y ^ X and an adelically 
metrised line bundle we may define the pull-back adelically metrised line bundle f*C on Y. 
For any local section s of L defined at y^j G Y{Fy) this satisfies 



One obtains the equality Hf*c{y) = Hc{f{y)) for all y G Y{F). 

3.1.7. Projective space. The standard example of an ample adelically metrised line bundle 
is given by the line bundle C'p'i(l) on P". Here for each set of generating global sections 
si , . . . , s„ of Opn (1) we may define an adelic metric on Opn (1) such that for any local section 
s of C'pn(l) which is non-zero at Xy G ¥'^(Fy), the v-adic metric is given by 



Note that if Si = Xi for each i = 1, . . . ,n, the height function associated this adelically 
metrised line bundle is exactly the height function (jl.ip given in the introduction. Also if 
X C P", then by pulling-back we obtain an adelic metric on Ox(l) which gives rise to the 
same height function (|1.1|) . 

3.1.8. Heights associated to the same line bundle. If Li = L2, then Hc^/Hc-^^ is a bounded 
function on X{F). 

3.1.9. Effective line bundles. If L is effective, then there exists a constant c > such that 



for all X G X{F) not in the base locus of L. 

3.1.10. Ample and big line bundles. If L is ample, then the number of rational points on 
X of bounded height is finite. More generally if L is big, then there exists an open subset 
U C X with this property. 

3.2. The Weil restriction of an adelically metrised line bundle. Throughout this 
section C -F is an extension of number fields. Recall (|2.ip that given a projective variety 
X over F and a line bundle L on X, we defined Rp/E ^ = ^f/eP*^- Iii order to extend this 
definition to adelically metrised line bundles, it suffices to define the norm of an adelically 
metrised line bundle. 

Example 3.5. Given a projective variety Y over E and an adelically metrised line bundle 
C on Yp, we shall now define the norm N-p/-^C = (Np/^L, || • ||) of C. For any place 
V G Val(S) and any y^ G Y{Ey) there is a unique v-adic norm on Np/pL such that 



for any local section s of L defined at y^. To see that this indeed comes from a model for 
all but finitely many places, we proceed as follows. Choose a finite set of places S C Val(ii^) 
containing all archimedean places and let T C Val(i^) be the places of F lying above 
those in S. Let {'3^',^) be a model of {Yp,L) over 0_f,t and let be a model of Y 
over Oe,s- Taking S sufficiently large, we may assume that the identity map Yp — )• Yp 
extends to an isomorphism = "S^Op s- Hence by taking the norm of we obtain a model 
(^^, Nc)p g ^) of (y, Np/pL) over Op^s- In particular, we see that the above f-adic 
metrics (|3.1|) do indeed come from a model for all but finitely many places. 



\\rs{y.)\\ 




Hc{x) > c. 



(3.1) 
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As for the height functions, one has H^^^-^ciu) = Hc{y) for all y G Y[E). Indeed, choose 
a local section s of L defined and non-zero at y. Then by (j3.ip we have 

i?Np/,£(y)= n IINF/EKy)IL"'= n \{\\s{y)\\^^=Hc{y). (3.2) 

?;GVal(E) v&Val{E) w\v 

as required. 

We therefore define an adelic metric on Rp/g ^ by Rp/E ^ = ^f/'eV*^- This construction 
gives rise to a homomorphism Rp/E • Pic-'^ — )• PicRp/p^- The following lemma relates 
the height function He to ^Rp/^ c and establishes (jl.Sp . 

Lemma 3.6. Let X he a projective variety over F together with an adelically metrised line 
bundle C Then we have 

H^p^j^dx) = Hcipix)), 
for all X G Rp/eX(£'). In particular, 

N{C, U, B) = Ar(Rp/E £, Rp/E U, B), 
for any open subset U C X and any B > 0.. 

Proof. It follows from immediately from the height equalities in Example 13.1.61 and (|3.2p 
that we have 

Hjip^Ecix) = Fnp/ep'£(2;) = Hp*cix) = Hcipix)), 

as required. The equality of counting functions follows from the fact that by definition, 
we have a bijection p : Rp/p U{E) — )• U{F) induced by p. This completes the proof of the 
lemma. □ 

4. MANIN'S CONJECTURES 

In this section we prove Theorem 1 1 . 1 1 and Theorem 1 1.2 1 We also show that Peyre's refined 
conjecture on the leading constant in the asymptotic formula is well-behaved under the Weil 
restriction (see Lemma 14.21 and Theorem 14. 3p . Throughout this section, S C -F is a finite 
extension of number fields of degree d. 

4.1. Proof of Theorem 11.11 Let {X,C) be a non-singular projective variety over F 
such that X{F) ^ 0, together with a big adelically metrised line bundle. In the light of 
Lemma [3^ to prove Theorem 11.11 it suffices to show that the equalities a(L) = a(Rp/EL) 
and b{L) = 6(Rf/e L) hold. Here a(L) is given by (|1.2p and b{L) is the codimension of the 
minimal face of 9Eff(X) which contains a{L)[D] + [ujx]- Note that one needs to assume 
that a{L)[D] + [cox] belongs to the polyhedral part of (9Eff(X) for b{L) to be well-defined. 

Lemma 4.1. We have 

a{L) = o(Rp/eL). 

// moreover [uix] is not effective and H^{X,Ox) = 0, then h{L) is defined if and only if 
6(Rp /E L) is defined. In which case we have 

b{L) = b{RF/EL). 

Proof. Recall from Lemma 12.21 that the map Rp /p : Pic X — t- Pic Re /e ^ preserves the 
canonical bundle and that a line bundle L on X is effective if and only if Rp /e L is effective. 
Moreover as Pic^X is a torsor for Pic'^X, it follows from Lemma 12.41 that Pic^X contains 
an effective line bundle if and only if Pic^^/^ ^ Rp /p X does. Hence with respect to the 
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induced injective linear map Rp/E • ^Sk X — )• NSm Rf/e see that [L] G Eff(X) if and 

only if Rf/e[^] G Eff(RF/E^)- It follows that 

a(L) =inf{r G Q : r[L\ + [lox] G Eff(X)} 

= inf{r G Q : Rf/e(^W + [^x]) G Eff(RF/E^)} 
= inf{r G Q : r[RF/E^] + [^R^/^x] G Eff(RF/EX)} 
=a(RF/E-^-), 

as required. Now assume that [oJx\ is not effective and that H^{X,Ox) = 0. Then by 
Lemma 12.61 we see that we have an isomorphism of effective cones Rf/e • Eff(X) — )■ 
Eff(RF/E-'^) which preserves the canonical bundle. In particular as a(L) = a(RF/E-^)j 
we see that a{L)[L\ + [oJx] belongs to the polyhedral part of 9Eff(X) if and only if the 
corresponding statement holds for a(RF /e L) [Rp /e L] + [wRp^^ x]-, and moreover that h{L) = 
6(Rp/eL). □ 

4.2. Peyre's constant. In [Pey95], Peyre gave a refinement of Manin's original conjecture 
which predicts the form of the leading constant in the asymptotic formula ()1.4p for Fano 
varieties. Namely, after fixing a choice of adelic metric on the anticanonical line bundle 
^ he conjectured that the leading constant c^-i should satisfy 

c -1 = a{X)f3{X)T{X). 



Here a{X) is defined to be 

where p = rank Pic X and dx is the Haar measure on the dual vector space (PicX (8)^ M)^ 
normalised so that (PicX)^ has covolume 1. Also /3(X) = ^H^{Gf, Pic X) and t{X) is 
the "Tamagawa number" of X with respect to the choice of adelic metric on . The main 
result of this section is that this refined conjecture is compatible with the Weil restriction, 
i.e. we have an equality c -i = c -i . We begin with a(X) and 0(X). 

Lemma 4.2. Let X he a smooth projective variety over F such that H^{X,Ox) = 0, 
X(F) 7^ and such that PicX is a free ahelian group of finite rank. Then 

/3(X) = /3(Rp/eX). 

If oj^^ is big then 

a(X) = a(Rp/EX). 



Proof. Note that by Lemma 12.61 PicRp/pX is an induced representation of PicX. There- 
fore from Shapiro's lemma [NSWOO, Prop. 1.6.3], it follows that we have an isomorphism 
H^{GF,'PicX) ^ Pic Rp/E X), in particular /3(X) = /3(Rp/eX). 

Next assume that is big (this assumption is needed to make sure that a(X) is well- 
defined). Then by Lemma [2. 2 1 and Lemma [2. 61 we have an isomorphism Rp/p : PicX®^!^ — ^ 
Pic Rp /p X M which preserves the canonical bundle and induces an isomorphism of the 
Picard lattices and effective cones. As a(X) is defined purely in terms of this data and its 
dual, we see that a(X) = a(Rp/pX). □ 



RATIONAL POINTS OF BOUNDED HEIGHT AND THE WEIL RESTRICTION 



13 



4.2.1. Tamagawa numbers. We next address the Tamagawa numbers. Weil |Wei82] was the 
first to define Tamagawa numbers of linear algebraic groups, and he also showed in |Wei82] 
that they are preserved under the Weil restriction for finite separable extensions of global 
fields. Weil's proof was however lacking in certain details, and a complete proof for all 
linear algebraic groups, including the non-separable case, was given by Oesterle |Oes84j . 

Throughout this section, X is a smooth projective variety of dimension n over F which 
satisfies the conditions 

Pic X is a free abelian group of finite rank. , ^ 

H\X,Ox) = H\X,Ox) = 0. 

We also fix a choice of adelic metric on the canonical line bundle ujx- For example, X could 
be a Fano variety with the adelic metric coming from a choice of anticanonical embedding. 
We now recall the definition of the Tamagawa measure on X{Af) associated to this choice 
of adelic metric. Such measures were orginally defined by Peyre |Pey95| in the case where 
X is Fano, however we shall work in the slightly more general setting of ()4.ip . where the 
definition is due to Chambert-Loir and Tschinkel [CLTlOj . 

For inspiration with the definition to come, let K he a. local field and V a i^-vector space 
of dimension n. Then a choice of norm || • || on det(y) = /\^V determines a measure on 
V. Indeed, choosing an isomorphism (p -.V = we have the measure 

(/)*(|dxi| ••• |dXn|) 
||(^*(ei A... Ae„)|r 

on V, where ei, . . . , e„ are the standard basis vectors on and \dxi \ ■ ■ ■ |dx„| denotes the 
product of the Haar measures on K^. It is easy to see that this is independent of the choice 
of (p. To define measures on varieties over local fields, we essentially apply this construction 
to the cotangent space of each point on the variety. Choose a differential form of top 
degree defined on some open subset C X{F^). Then in a choice of local coordinates 
Xv,i, . . . , Xy^n we may write ujy as 

iOy — f{Xy_\, • • • ; ^i;,n)dx^^l A ... A dx^^T^. 

We define the measure associated to to be 

l^i; |ij — I f {^X^^\, . . . dx^^i |iJ * * * I d*^t;,n |i; • 

This measure is independent of the choice of local coordinates, however it depends on the 
choice of w^. We therefore consider instead the measure on C/„ given by |u;t,|t,/||a;t,||t,, which 
is independent of w^. By gluing these measures, we obtain a measure tx^v on X{F.u). 

The product of these measures does not converge in general, so we need to introduce 
convergence factors to get a measure on X{Plf)- Since V\cX is a free abelian group of 
finite rank and moreover is a Gi^-module, we may define the corresponding Artin L-function 
L(s, Pic X) as a product of local factors L^(s, Pic X) for each finite place v G Val(F) (see e.g. 
|IK041 Sec. 5.13]). This L-function is holomorphic on Res > 1 and admits a meromorphic 
continuation to C with a pole of order p = rank Pic X at s = 1. For each place v G Val(F) 

we define 

^ _ f L„(l,PicX), v non-archimedean, 
1^ 1, V archimedean. 

The condition H^{X,Ox) = H^iX,Ox) = implies (see [CLTlOl Thm. 1.1.1]) that these 
are a "family of convergence factors", i.e. the measure 

rx = |A^|-"/2lim((s-l)''L(s,PicX)) TT X'^tx,., (4.2) 

«eVal(F) 
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is a well-defined measure on X{Af), called the Tamagawa measure of X. We define the 
Tamagawa number t{X) of X to be 

r(X)=rx(X(F)), 

where X{F) denotes the closure of X{F) in X{Ap) with respect to the adelic topology. It 
is important to note that this construction depends on the choice of the adelic metric on 
the canonical line bundle cox ■ 

We now consider the associated Tamagawa measure on Rp/^X. In order to get an 
adelic metric on f^Rp/g, x , we need to choose an isomorphism of line bundles <j) ■ '^Rp/e x 
Rp/E ^x- As Rf/e comes equipped with an adelic metric coming from ujx, by transport 
of structures we obtain an adelic metric on cjRp^gX- Firstly note that this adelic metric 
is independant of the choice of <j), up to isometry. Indeed, the choice of the isomorphism 
(f) depends only on the choice of a non-zero global section ip of WRpy^x (8) Rp/E^x^- As 
Rf/eAT is projective, any other choice of global section must differ from by a non-zero 
scalar, and hence defines an isometric adelic metric on WRp^pX (see Example I3.1.3p . Next 
note that we deduce from ()4.ip and Lemma 12.61 that Pic Rf /e AT is free of finite rank and 
that ii'i(RF/EA:,ORp/px) = 0. Also using the Kiinneth formula as in the proof of Lemma 
\'2.6\ we find that H^{Rp/E X, ORp^p x) = 0. Hence Rf/e ^ also satisfies the conditions ()4.ip 
and we have constructed a well-defined Tamagawa measure TRp^p x ■ Note that as isometric 
adelic metrics clearly give rise to the same Tamagawa measure, we see that TRp^pX is 
independent of the choice of (p. 

Note that there is also another natural way to define a measure on Rf/e X{Ae)- Namely, 
we may simply pull-back the Tamagawa measure tx on X{Af) via the homeomorphism 
p : Rf/e ^{-^e) — ^ X{Ap). Our main result of this section is that these two constructions 
coincide. 

Theorem 4.3. Suppose that X{F) ^ 0. Then we have p*Tx = tr^/^x, ^-e. the map 

p:RF/EXiAE)^X{AF), 

is an isomorphism of measure spaces. In particular there is an equality t{X) = r(RF/E^) 
of Tamagawa numbers. 

We begin the proof of the theorem by considering the L-functions and convergence factors. 

Lemma 4.4. There is an equality 

L(s,PicX) = Pic Rf/e 

of L-functions and for any place v G Val(ii^) an equality = W^\^ of convergence 
factors. 

Proof. Lemma 12.61 implies that Pic Rp /e ^ is the induced representation of Pic X with 
respect to the field extension E C F. This gives the equality of L-functions and an equality 

L„(s,PicX) =JJl^(s, Pic Rf/e ^) 

w\v 

of local factors for each non-archimedean place v G Val{E) (see e.g. |IK041 Sec. 5.13]). 
This completes the proof of the lemma. □ 

Next we consider the local measures. Recall that we have chosen a non-zero global section 
ip of WRp^p X (X" Rf /e ^x^ 5 which induces an isomorphism cp : WRp^p x Rf /e ^x of line 
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bundles, and also that we have a homeomorphism p : R-p/^X{E^) — )• Y\^\yX{Fw) for any 
place V £ Val(£'). 

Lemma 4.5. For each place v G Val(£') there exists a constant depending on ip and v, 
such that 

P* T X,w = AyT Rp^jj x,v ■ 
w\v 

Proof. Let a; be a local algebraic differential form of top degree on X. To prove the 
lemma, it suffices to show that there exists a constant Ay, depending on ip and v, such that 
P* Y\w\v \^\w/\\^\w = R-F/E '^It^/I I*/** R-F/E i^Wv Note that such a constant is necessarily 

independent of w; indeed these measures are independent of uj. Also as we have an equality 
Ilw\v W^Ww = II'/'* Rf/e^II,;, we only need to show that p*n«,|?; \^\w = Ay\(j)* Rp /-^ uj\v ■ To 
do this we work locally near each point Xy G Rf/e ^{Ey), following the method of Oesterle 
(of. |Ues84l Lem. IL5.2] and [Ues84l Ex. 11.4.3]). 

Note that by the definition of the Weil restriction, for any E'-algebra R we have a canoni- 
cal bijection Hom(Speci2[e]/(e^), Rp/E X) — > Hom(Spec(-R(S)£;F)[e]/(e^),X). In particular, 
the cotangent space T*^ of a point Xy G Rp/eX(£^^) is canonically identified with the space 
f^^l^T*^ considered as an £'„-vector space, where we write p{x) = If we let 

L = cjj^ip/^x ^ Rf/e'^x^) then under this correspondence we have isomorphisms 

dets„ Tl - L{xy) (g) Np^E./E. detp^E^ T;^,^^ - L{xy) (g)^|„ Np^/p^ deti.„ T*^ , (4.3) 

where (/>* Rp/pCij(x^) is identified with ip{xy) (i^yj^y Np^/p^ uj{xw). 

Next, for each wlv choose an isomorphism fy, : T*^ — )• such that det fyj{uj{xyj)) = 
ei A . . . A Cn- It follows that the map fy; is measure preserving and we moreover may 
identify T*^ with V = Htoiv considered as an S„-vector space. As there are canonical 
isomorphisms Np^/^^ detp^ F^ = Ey, the isomorphism (|4.3p simply becomes detp^V = 
L{xy). In particular we see that the two different measures on V , being both Haar measures 
on the same locally compact topological group, differ by a constant Ay{xy), which depends 
only on (p{xy) and the field Ey. But as L is isomorphic to the trivial line bundle, it has 
constant fibres and in particular (/j(x^), and hence Ay{xy), is in fact independant of Xy. 
This completes the proof of the lemma. 

□ 

In order to use Lemma 14.51 to deduce a global result, we shall need the following lemma. 
Lemma 4.6. For all but finitely many v G Ysl^E) we have Ay = 1. 

Proof. Note that to prove the lemma, it suffices to compare the measures of two measurable 
sets inside Rp/pX{Ey) and Y\y)\yX{Fyj) which are identified by p. In particular it is 
sufficient to show that for all but finitely many v G Val(£') we have 

TK^,pxA'^F/EX{Ey)) = HrxM^iFy,)). (4.4) 

w\v 

First choose a model ^ of X over Op. In which case Rof/Oe ^ ^ model of 

Rp/pX over Oe- It then follows from [CLTlOl Sec. 2.4.1] that for all but finitely many 
non-archimedean places v G Val(ii^) we have 

rRp/EX,^(RF/EA(EJ) = N(py¥^ ' = 11 Ar(p^)» — ' 

•w\v w\v 
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where and pw denote the prime ideals corresponding to the places v and w respec- 
tively. However, by the definition of the Weil restriction we have an equality of sets 
Ro^/o^^iOE/pv) = U^i^^iOF/pn.). Also, as Nip^y = n^|.^^(P-) unramified 
primes pt, (in particular for all but finitely many v), this shows that (|4.4|) holds for all but 
finitely many places and completes the proof of the lemma. □ 

Hence from LemmaH31 Lemma [4. 5 1 Lemma [4.6l and the definition ()4.2p of the Tamagawa 
measures, we see that 

lA^rVrx = AlAEr^^^m^^^x, (4.5) 

where A = nt;GVai(_E) next aim is to calculate A, which we may do by working 

locally near a single rational point. The following lemma will assist with this calculation. 

Lemma 4.7. Let x G X{F) and consider the adelic cotangent space T* equipped 
with the measure induced by the adelic metric on ujx- Then 

voi((r; ®F Af)/t;) = |A^r/2F^^(x). 

Proof. First recall that our choice of Haar measure on A^r gives vol(Ai;'/F) = | A^?!^/^ with 
respect to the induced quotient measure |Wei821 Sec. 2.1.3(a)]. Next choose algebraic local 
coordinates xi,...,Xn near x defined over F and let uj = dxi A ... A dx^. Then, these 
local coordinates give an isomorphism T* = with respect to which we have |a;|^ = 
|dxt,^i|t, • • • Idx^j^rilt; for each place v G Val(-F). Therefore the measure \^\v onT* ®f Ap 
is identified with the product measure on (note that we do not require convergence 
factors). Also, by Definition 13.41 we have Hijll'-^llv^ — Huixi^)- Therefore the measure 
\uj\y/\\uj\\~^ on T* (i^F -^F is identified with Hij^{x) times the product measure on A^, 
and the result follows. □ 

On choosing a rational point x E Kp/^X{E) we have an induced map T*^^-^ — )^ T* which 
induces a homeomorphism T*^^-^ Af — )• T* (^^ Ae- Therefore by the definition of A we 
have 

voi((r;(,) 0F Af)/t;^,)) = a voi((r; ^f Ae)/t*), 

with respect to the associated measures. However, on applying Lemma 14.71 we see that 

voi((r;(,) ®fAf)/t;^,^) = \AFr'^H^Ap{^))^ 
voi((r; (^E Ae)/t;) = lAEr^/^Hn^^^^^x). 

As -f^Rp/u tjjf (a;) = H^^{p{x)) by Lemma [3^ we obtain A = | Ai?!"/^/! A^;!"*^/^. Combining 
this calculation with ()4.5p proves that p*Tx = trp/^x- 

As for the equality of Tamagawa numbers, we note that p : Rf/eX(A£;) — X{Af) 
is continuous and restricts to a bijection p : R-p/-^X{E) — )• X{F). It therefore induces a 
measure preserving bijection p : Rp/^X{E) — )■ X{F) and hence t{X) = TiRp^-^X). This 
completes the proof of Theorem 14.31 

4.3. Counterexamples to Manin's conjecture. We now finish off our paper by proving 
Theorem 11.21 We begin by recalling a special case of the counterexamples constructed by 
Batyrev and Tschinkel |BT96j . Let X be the hypersurface in xP^ defined by the equation 



xoVo + ^ly? + ^2^1 + xsy^ = 0. 



(4.6) 
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Then Batyrev and Tschinkel |BT961 Thm. 3.1] have show that for any number field F 
contammg Q(\/— 3), any choice of adelic metric on oj^^ and any non-empty open subset 
U C Xp, there exists a constant c > such that 

N{uj^\,U,B)>cB{\ogBf, 

for any B > 0. As X is a smooth Fano variety with PicX = 1? ^ this provides a counterex- 
ample to Manin's conjecture (|1.4|) over such fields F . 

Our counterexamples will be Weil restrictions of (|4.6p . To begin with, we need lower 
bounds on the number of rational points of bounded height on the Weil restrictions of 
certain cubic surfaces. In what follows, we use various standard facts about del Pezzo 
surfaces which can be found for example in |Man8 6J or [ Har771 Ch. V.4]. Recall also that 
we say that a del Pezzo surface S over a field F is s'plit if the natural map Pic S — )• Pic S is 
an isomorphism. In particular, a smooth cubic surface is split if and only if all of its lines 
are defined over the ground field. 

Lemma 4.8. Let E C F be a quadratic extension of number fields, let S be a smooth split 
cubic surface over F and let S' = Rp/E "S". Let E <Z F' be a finite field extension and choose 
an adelic metric on ujZ} ■ Let U C S'pi be an open subset and let B > 0. Then there exists 
a constant c > such that 



N{uj^} ,U,B)> cB{\ogB)\ 

F' 

ifFcF' and 

AT(,., 

otherwise. 



N{u-} ,U,B)> cB{log By- 



Proof. As all the lines in S are defined over F, we may contract any three non- intersecting 
lines Li, L2 and L3 to obtain a morphism it : S ^ Y defined over F, where y is a split del 
Pezzo surface of degree six. Let Y' = Rp/^Y and let vr' : 5' — )■ Y' be the induced map. 
Note that since Y is toric by [Man86l Thm. 30.3.1], we deduce that Y' is also toric under 
the torus T = Rp/E '^m- We also choose an adelic metric on a;"/ . 

Next, it follows from |Har771 Prop. V. 3.3] that Ks - tt*{Ky) ~ Li + L2 + L3 > 0, where 
Kg denotes a canonical divisor of S. Hence, we see from Lemma [2.2l that Kg/ — ■k'*{Kyi) is 
also linearly equivalent to an effective divisor. Hence, if we choose an open subset U' C U 
such that tt'{U') C T and such that U' does not intersect the base locus of Ks' — 7t'*{Ky'), 
it follows from Example 13.1.81 and Example 13.1.91 that there exists a constant C > such 
that 

N{oj-} ,U,B)> N{uj-} ,U',B) > N{oj-} ,tt' {U'),CB). (4.7) 

Thus we have managed to reduce the counting problem to one on Y'p,. As Y'p, is toric, 
by the main theorem of |BT98j we see that there exists a constant cq > such that 

N{uy} ,r,i?) = coi?(logS)^(^F')(l + o(l)), 

F' 

as i? — >• 00, where piY'p,) = rankPicY^,. However, Batyrev and Tschinkel proved this 
asymptotic formula with respect to all choices of adelic metric on the anticanonical bundle, 
in particular the rational points on T are equidistributed with respect to the associated 
Tamagawa measure, in the sense defined by Peyre (see |Pey95 Sec. 3], in particular |Pey95 



Prop. 3.3]). It therefore follows from |Pey95 Prop. 3.3] that we also have the asymptotic 
formula 

N{uj-} ,7t'{U'),CB) = coCB{\ogBY^'"F'\l + o{l)), 

F' 



18 



DANIEL LOUGHRAN 



as — 7- oo, since T{Api) and tt' (U'){Api) have equal Tamagawa measures (the complement 
of vr'(C/') in T being a proper closed subvariety). Therefore, to finish the proof the lemma 
is suffices to compute piYp,). 

As y is a split del Pezzo surface of degree six, we have V\cY = with trivial Galois 
action. Therefore by Lemma 12.61 we know that PicY as a Galois module is the induced 
representation of Z"^ with respect to the field extension E C F. In particular we have 
Picy = Z'^©Z^, with an element a ^ Ge having non-trivial action (given by swapping the 
two factors of Z^) if and only if it has non-trivial image under the map — >• Gal{F/E). 
Hence if F C F', then Gp' acts trivially and we have p(y^,) = 8 as PicY^, = (PicF')'^^-' 
by Lemma [231 Otherwise Gp' acts non-trivially and so piYp,) = 4. This completes the 
proof of the lemma. □ 

Theorem 11.21 is a consequence of the following lemma. 

Lemma 4.9. Let E he any number field and let X he given by ( |-<^.6p . Let F = E['\/—2i) and 
put X' = Rp/eXj?. Let E C F' be a finite field extension and choose an adelic metric on 
. Let U C X'p, be an open subset and let B > 0. Then there exists a constant c' > 
such that 

N(u;-] ,U,B)> c'S(logS)^(^F')+^ 

if F C F' and 

N{u}-] ,U,B)> c'B {log B)P^^F'^+\ 

F' 

otherwise, where p{Xp,) = rank Pic X^, 

Proof. We begin by noting that as PicX = 7? with trivial Galois action, it follows as in 
the proof of Lemma HSl that p{Xp,) = 4 if F C F' and that p{Xp,) = 2 otherwise. Next, 
consider the projection map 

TT : X ^ p3 
TT : (x, y) I—)- X. 

The fibres over those points with xq - ■ ■ x^ 7^ are smooth diagonal cubic surfaces, and 
moreover the anticanonical bundle of these surfaces is isomorphic to the restriction of the 
anticanonical bundle on X. If we let 

93 : 

(f : {xq : xi : X2 ■■ X3) <-?■ (xg : xf : Xg : X3), 

then the set ip(f'^{F)) is Zariski dense in P'^(F). Moreover, as in the proof of |BT961 Thm. 
3.1], we see that since Q(\/— 3) C F, the fibres over those points in {p{¥^{F)) with xq • • • X3 7^ 
are split cubic surfaces, i.e. a Zariski dense set of the fibres of vr are split cubic surfaces. 
We want an analogous statement for the corresponding map tt' = Kp/^i: : X' — )• Rp/glP^- 
Let = Rp/E 99 : Rp /p — ^ Rp /E be the map induced by if and let p : Rp/p P^ P^ 
be the usual universal morphism. We have the following commutative diagram 

R-F/E " R-F/E 

P p (4.8) 

p3 ^ ^p3 
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Next note that the fibre of vr' over a point x G Kp/-^¥^{E) is the Weil restriction of the 
fibre of vr over the point p{x) G P^(-F). Also, we claim that {(p{F^ (F))) is Zariski dense 
in Ky/p¥'^{E). Indeed, by the commutivity of ()4.8p we have the equality p~^{ip{F'^(F))) = 
(p'{Rp/pF'^{E)). This later set is Zariski dense in Rf/eP^ as (p' is dominant. In particular, 
we see that there is a Zariski dense set of points in Rp /p whose fibres with respect to 
vr' are Weil restrictions of split cubic surfaces. The result therefore follows on combining 
Lemma 14.81 with the above calculation of p{X'p,). □ 

We finish by remarking that by applying the same method to the varieties 

Xn+2 : xovl + xiyf + X2yl + xgyf = C P"+2 X p3, 

considered in |BT96j . one may construct counterexamples to Manin's conjecture with arbi- 
trary large dimension over any number field. 
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